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In this work the collective modes of an effective kinetic theory description based on the Boltzmann
equation in relaxation time approximation applicable to gauge theories at weak but finite coupling
and low frequencies are studied. Real time retarded two-point correlators of the energy-momentum
tensor and the R-charge current are calculated at finite temperature in flat space-times for large N
gauge theories. It is found that the real time correlators possess logarithmic branch cuts which in
the limit of large coupling disappear and give rise to non-hydrodynamic poles that are reminiscent
of quasi-normal modes in black holes. In addition to branch cuts, correlators can have simple
hydrodynamic poles, generalizing the concept of hydrodynamic modes to intermediate wavelength.
Surprisingly, the hydrodynamic poles cease to exist for some critical value of the wavelength and
coupling reminiscent of the properties of onset transitions.
2I. INTRODUCTION
Thermal correlators of the energy-momentum tensor and the R-charge current are interesting because they carry
information about the momentum and charge diffusion transport properties of the system under consideration. In
the case of strongly coupled systems, for which a standard description in terms of weakly coupled quasi-particles is
not possible, such information could be important for developing a better understanding of the transport dynamics.
Applications to experimentally realizable systems such as high-Tc superconductors, strongly interacting quantum
gases and quantum-chromodynamic plasmas provide further motivation to provide a better theoretical understanding
of these correlators.
Thermal correlators of large N gauge theories are of particular theoretical interest because this case lends itself to
controlled calculations both in the small and large t’Hooft coupling limit via perturbation theory and gauge/gravity
duality, respectively (see e.g. Refs. [1–14]). Furthermore, in this limit, the generically present non-analytic hydro-
dynamic long time tails are suppressed in the correlators [15, 16], simplifying the calculation of thermal correlators
both conceptually and technically. Nevertheless, existing results for thermal correlators in the case of large N gauge
theories exhibit a highly non-trivial feature for any non-vanishing wave number k. Namely, it has been found that
while correlators contain branch cuts at vanishing t’Hooft coupling, these cuts are absent at infinite t’Hooft coupling
where the correlators contain poles [17] (at vanishing k, one finds poles both at weak and strong coupling). In Ref. [17]
arguments were given that the branch cut structure should extend to weak, but finite t’Hooft coupling, suggesting
some sort of ’phase transition’ in the analytic structure of the correlators at a particular, finite value of the t’Hooft
coupling. This peculiar finding provides the motivation for revisiting thermal correlators of large N gauge theories in
effective kinetic theory in this work.
Much of the present work is similar to the numerical study in Ref. [3]. The main difference here is the full analytic
treatment made possible by using the relaxation time approximation, which helps elucidate the analytic structure of
correlators and the ability to perform limits of weak coupling, strong coupling, and hydrodynamics, respectively.
II. COLLECTIVE MODES OF THE BOLTZMANN EQUATION
Let us consider the case of a gauge theory such as N = 4 SYM in the limit of a large number of colorsN ≫ 1 at fixed
t’Hooft coupling λ = g2N . In the case of weak t’Hooft coupling, a quasiparticle description should be applicable, and
at late times the dynamics of the energy-momentum tensor and R-charge, respectively, is then well captured by kinetic
theory, cf. Ref. [18]. Since the focus of the present work is the analytic structure of correlators rather than their precise
numerical evaluation, the relaxation-time approximation to kinetic theory will be employed. In the relaxation-time
approximation, the (exact and complicated) collision integral in kinetic theory is approximated by an effective mean
free time τ , or more precisely different relaxation times τR,D describing momentum-relaxation through large-angle
scattering (τR) or charge diffusion (τD), respectively. The relaxation-time or Bhatnagar-Gross-Krook (BGK, [19])
approximation is generally expected to yield results which are qualitatively reliable and even quantitatively accurate.
Ignoring furthermore quantum statistics, which should not affect results qualitatively, one may effectively lump
together scalars, vectors and fermions into effective on-shell particle distribution functions f(t,x,p) which then define
the energy-momentum tensor Tαβ and charge current Jα as
Tαβ(t,x) =
∫
d3p
(2π)3
pαpβ
p0
f(t,x,p) , Jα(t,x) = q
∫
d3p
(2π)3
pα
p0
f(t,x,p) , (1)
with q the charge of a single quantum. An evolution equation for the distribution function consistent with the
conservation of energy, momentum and charge is the Boltzmann equation in the BGK approximation,
pν∂νf(t,x,p) + F
α∇(p)α f(t,x,p) =
pαuα
τR,D
(f − feq) , (2)
where feq(t,x,p) is the (local) equilibrium distribution function that is just a function of the conserved quantities, e.g.
local temperature T (x), local chemical potential µ(x) and local macroscopic velocity uµ(x). Note that since the particle
distribution function f is take to be on-shell, it does not depend on p0 explicitly, and hence∇(p)0 f = 0. Fα here is a force
originating from an external electromagnetic or gravitational field, and in the case of electromagnetic/gravitational
field is given by Fα = Fαβpβ and F
α = −Γαβγpβpγ , respectively [20][21]. Here Fαβ and Γαβγ are the electromagnetic
field-strength tensor and the Christoffel symbols, respectively. In the absence of quantum statistics, but in the presence
of external fields, the equilibrium distribution function simply is
feq(t,x,p) = exp
[
gαβp
αuβ(t,x) + µ(t,x)
T
]
, (3)
3where µ(t,x) generally will include contributions from the field Aµ through the requirement that feq be a solution to
(2) for a non-vanishing electromagnetic field.
The effective relaxation times τR,D in Eq. (2) for large angle scattering/charge diffusion have been calculated in the
weak-coupling limit from the underlying microscopic collision kernel, finding [1]
τR,D ∝ 1
λ2 lnλ
, (4)
with proportionality constants that depend on the gauge theory and charge(s) in question.
A. Retarded Correlators
The retarded two-point correlation function of a particle current Jµ and the energy-momentum tensor T µν are
defined in position space as
GJµ,ν(t− t′,x− x′) = −iθ(t− t′)〈[Jµ(t,x), Jν(t′,x′)〉 ,
GTαβ,γδ(t− t′,x− x′) = −iθ(t− t′)〈[Tαβ(t,x), Tγδ(t′,x′)〉 . (5)
The canonical approach to calculating thermal correlators is to use linear response theory (see e.g. Ref. [22]
for a review of this topic in non-relativistic systems). In the canonical approach, one introduces sources of the
conserved quantities (e.g. particle number, energy and momentum) and calculates the response of the hydrodynamic
variables in linear response. While calculationally straightforward, the canonical approach has two disadvantages.
One disadvantage is that it does not allow direct access to the spatially transverse correlation functions. The other
disadvantage is that a naive calculation of the linear response of e.g. the energy-momentum tensor correlators in flat
space-time gives wrong results in some cases [23]. Thus, in the following I employ what has been called ’variational
approach’ to calculate thermal correlation functions which does not suffer from these disadvantages.
In the variational approach, one introduces sources that couple directly to the particle current Jµ and the energy-
momentum tensor T µν , rather than just the conserved quantities, in order to calculate correlation functions. From
gauge principle considerations, the source coupling to the particle current has to be the gauge field Aµ, while the source
coupling to the energy-momentum tensor has to be the metric field gµν . One-, two-, and higher-point correlation
functions of the current and energy-momentum tensor without an electromagnetic field and in flat space may then be
defined through expansions of Jµ, T µν in the presence of background gauge field and metric perturbations, respectively,
Jµ(x,Aν) = GµJ −Gµ,νJ δAν + . . . ,
T µν(x, gµν) = GµνT −
1
2
Gµν,αβT δgαβ + . . . . (6)
Using this method, thermal two- and three point correlation functions have been calculated [4, 12, 13]. Note that the
correlation functions GJ , GT defined this way will differ from the correlation functions for the energy momentum tensor
density
√−gT µν through contact terms (e.g. terms independent of frequency and wave-number in Fourier-space), cf.
the discussion in Ref. [13]. Thus, I will ignore any contact terms arising in the following calculations.
B. R-charge diffusion
Let us first calculate the thermal correlator for R-charge diffusion in a homogeneous static background for which
T (t,x) = T0 = const and u
a(t,x) = (1, 0, 0, 0) in the presence of a small external electromagnetic field with gauge
potential δAµ. Thus, to zeroth order in small perturbations, the evolution equation (2) requires f0 = feq,0 =
exp
[
− p0−µ0T0
]
. Small perturbations δf are required to obey
[∂t + v · ∇] δf(t,x,p)− f0
T0
v ·E = − 1
τD
(δf − δfeq) , (7)
where v ≡ pp0 and τD is evaluated at the constant background values of temperature and chemical potential. Here E
is the electric field defined as E = ∇A0 − ∂tA. Using the explicit form of feq in Eq. (3), small perturbations of the
equilibrium distribution function can be written as
δfeq(t,x,p) = f0(p)
δµ(t,x)
T0
. (8)
4A Fourier space-transform defined as
Q(ω,k) =
∫ ∞
−∞
dt
∫
d3xeiωt−ik·xQ(t,x) , (9)
for a quantity Q(t,x) then leads to
δf(ω,k,p) =
f0
T0
δµ(ω,k) + τDv · E
1 + τD (−iω + ik · v) . (10)
The fluctuating distribution function gives rise to a fluctuating number density of charges δn = δJ0/q which from
Eq. (1) is given by
δn(ω,k) =
∫
d3p
(2π)3
δf(ω,k,p) =
∫
dp
2π2T0
p2f0(p)
∫
dΩ
4π
[
δµ+ τDv ·E
1 + τD (−iω + ik · v)
]
. (11)
This equation may be brought in a more standard form when employing the static susceptibility χ ≡ ∂n∂µ . Since
δn = χδµ thus appears in Eq. (11) both on the right-hand-side and the left-hand-side, Eq. (11) has the form of a
self-consistency equation that must be solved for δn. Fortunately, in the present case this is trivial since the integral
on the rhs in Eq. (11) is straightforward. One can recognizing the dp integral to evaluate to the static susceptibility,
χ =
∫
dp
2π2T0
p2f0(p) , (12)
and then solve Eq. (11) for δn to find
δn(ω,k) = χ
∫
dΩ
4π
τDv·E
1+τD(−iω+ik·v)
1− 12ikτD ln
(
ω−k+ i
τD
ω+k+ i
τD
) . (13)
For simplicity, let us pick the perturbations to be of the form δn(t, x3) in the following, e.g. select the momentum
vector k to point along the x3 direction. The retarded thermal correlator for the particle current is then found from
calculating G0,0J (ω, k) =
δn
δA0 , G
1,1
J (ω, k) =
δJ1/q
δA1 , etc. One finds
G0,0J (ω, k) = −χ
1 + (iω − 1τD ) 12ik ln
(
ω−k+ i
τD
ω+k+ i
τD
)
1− 12ikτD ln
(
ω−k+ i
τD
ω+k+ i
τD
) , (14)
G0,3J (ω, k) = −
ωχ
k
1 + (iω − 1τD ) 12ik ln
(
ω−k+ i
τD
ω+k+ i
τD
)
1− 12ikτD ln
(
ω−k+ i
τD
ω+k+ i
τD
) ,
G1,1J (ω, k) =
χiωτD
4
[
2(1− iωτD)
k2τ2D
+
(1− iωτD)2 + k2τ2D
(iτDk)3
ln
(
ω − k + iτD
ω + k + iτD
)]
,
etc. The above results fulfill the Ward identities following from ∂µJ
µ = 0, e.g.
ωG0,0J (ω, k) = kG
0,3
J (ω, k) , ω
2G0,0J (ω, k) = k
2G3,3J (ω, k) .
1. Hydrodynamic Limit
The limit of hydrodynamics corresponds to considering small frequencies and small wave-numbers. The correlation
functions Gµ,νJ in the hydrodynamic limit may be obtained in a manner fully equivalent to those described above.
Including terms up to second-order in gradients, one finds for instance [3, 23, 24]
G0,0J,hydro(ω, k) =
k2(χD)
iω(1− iτ∆ω)−Dk2 , (15)
5where D is the usual particle number diffusion constant, and τ∆ is the ’diffusion relaxation time’ which controls the
time-scale on which dissipative stresses relax to Landau-Lifshitz type diffusion dynamics (not to equilibrium). Eq. (15)
generalizes the known hydrodynamic result [14] to second-order hydrodynamics where diffusion is described by a causal
process (cf. Refs. [25, 26]). It should be stressed that while Eq. (15) matches the so-called Drude model result [24],
the derivation in terms of hydrodynamics does at no point assume the presence of weakly coupled quasiparticles, and
hence is applicable even in the strong-coupled regime where quasiparticle degrees of freedom are absent.
Since hydrodynamics is the universal long-wavelength, low-frequency limit of any system with the same symmetries,
Eq. (15) can be used to derive Kubo relations for the value of the hydrodynamic transport coefficients D, τ∆, e.g.
lim
ω→0
lim
k→0
ω
k2
ImG0,0J (ω,k) = −χD ,
lim
ω→0
lim
k→0
1
k2
ReG0,0J (ω,k) = χDτ∆ . (16)
Applying these Kubo formulas to the result found in kinetic theory (14), one finds the diffusion constant and
second-order transport coefficient τ∆ in terms of the diffusion time scale τD:
D =
τD
3
, τ∆ = τD . (17)
Thus the kinetic theory timescale τD plays a double role through controlling both the transport coefficient D as well as
the hydrodynamic relaxation time τ∆ (this is an artifact stemming from the single-relaxation time ansatz in Eq. (7),
which does not affect the conclusions in this work). In the hydrodynamic limit, one may be tempted to cast Eq. (14)
into the form of Eq. (15). To study the pole structure of the correlator, one can expand the inverse of G0,0J (ω,k) in a
power series of k, obtaining
G0,0J (ω,k) =
χk2(1− iτDω)τD/3
iω(1− iτDω)2 − (1− 95 iτDω)k2τD/3 +O(k3)
, (18)
which is similar to, but does not quite match, Eq. (15). The differences between a low-momentum expansion of Eq. (14)
and Eq. (15) are beyond the accuracy of second-order hydrodynamics, so they do not represent an inconsistency. One
finds that Eq. (18) has three poles in the small k limit, located at
ω
(D)
0 = −i
τD
3
k2 +O(k3) , ω(D)1,2 = −
i
τD
± 2k√
15
+O(k2) . (19)
The pole located at ω = ω
(D)
0 can be recognized as the usual hydrodynamic diffusion pole, while the poles at ω = ω
(D)
1,2
are “non-hydrodynamic” poles, as they do not obey limk→0 ω
(D)
1,2 (k) → 0. In fact, ω(D)1,2 somewhat resemble the
dispersion relation found for quasi-normal modes in black holes. (See Ref. [27] for a discussion on experimental hints
for non-hydrodynamic modes in cold quantum gases).
2. Weak Coupling Limit
In the weak coupling limit, one has τDT ≫ 1. It turns out that the correlators GJ depend on combinations such
as τDk = τDT
k
T rather than τDT alone. Thus, the weak coupling limit taken here corresponds to the case where
the ratios of wavenumber and frequency to temperature, kT ,
ω
T are held constant while τDT →∞. Thus, formally, in
this case the weak coupling limit coincides with both the short wavelength limit (large wavenumber and frequency
limit) as well as the zero temperature limit where ωT ≫ 1, kT ≫ 1. As a consequence, for the Boltzmann equation,
the weak coupling, large frequency/wavenumber and zero temperature limits lead to identical results, which has been
used before (see e.g. Ref. [3]). Some aspects of the similarity of these limits can also be observed in quantum field
theories, see e.g. calculations of the large frequency and zero temperature limits in gauge/gravity calculation [5, 6]
which qualitatively and in some cases quantitatively match those from free field theory. In the case at hand, one finds
for the weak coupling limit τDT ≫ 1
lim
τD→∞
G0,0J (ω,k) = −χ
[
1 +
ω
2k
ln
(
ω − k
ω + k
)
+
iω
τD(ω2 − k2) −
iω
4k2τD
ln2
(
ω − k
ω + k
)
+O
(
1
τ2D
)]
. (20)
In the limit of a free theory (τD → ∞) one has ImG0,0J (ω, k) = −πχ ω2k θ(k − ω)θ(k + ω), where θ(x) is the step
function. From this result it is easy to show that limk→0
ImG0,0
J
(ω,k)
ω gives a representation of the Dirac δ function and
one obtains ImG0,0J (ω, k = 0) = −πχωδ(ω), matching the result derived in the appendix of Ref. [2].
6Eq. (20) implies the presence of a logarithmic branch cut originating from singularities at ω = ±k in the weak-
coupling limit of G0,0J . This is unlike the pole structure found in the hydrodynamic limit of the same correlator
discussed above.
One should note that Eq. (20) does not contain a term proportional to ω4 that can be derived from a free (classical)
field theory calculation (see e.g. [5]). The reason for this is that when a kinetic equations are derived from quantum
field theories, a gradient-expansion step is included when performing the Wigner-transforms (see e.g. [28]). This
implies that the kinetic theory result does not accurately capture terms of order ω4.
3. Strong Coupling Limit
The dimensionless product of relaxation time and temperature τDT becomes smaller as the coupling is increased
from zero. Naively continuing this process with a relaxation time given by Eq. (4) would imply τDT → 0 in the limit
of large t’Hooft coupling λ → ∞. It should be noted that in actual N = 4 SYM theory the strong coupling limit of
τDT remains small but finite, which is the reason for calling the limit τDT → 0 a ’naive’ strong coupling limit (see
section III for more discussion on this topic). Also, for reasons discussed above, the dependence of the correlators GJ
on τD should be understood in the sense of keeping the ratios
k
T ,
ω
T fixed while sending τDT → 0. In order to obtain
an approximating function to G0,0J (ω,k) in this limit, it is useful to employ a Pade´ approximant
Rm(ω,k) ≡
∑m
i=0 ui(ω,k)τ
i
D∑m
i=0 di(ω,k)τ
i
D
, (21)
where for simplicity only symmetric Pade´ approximants are considered. The need for a Pade´ approximation originates
from the known behavior of GJ as a ratio of two functions, rather than just a simple power series expansion. Re-
quiring Rm(ω,k) to match G
0,0
J (ω,k) order by order in a power series expansion in τD leads to consistency equations
determining the coefficients ui, di. Solving these equations for m = 2 leads to
lim
τD→0
G0,0J (ω,k) ≃ R2(ω,k) =
χk2τD/3(1− iτDω)
iω(1− iτDω)2 − k2τD/3(1− 95 iτDω)
, (22)
which precisely matches the result in the hydrodynamic limit, Eq. (18). Therefore, the analytic structure of the corre-
lator in the strong coupling limit is such that it contains only poles, but no branch-cuts. The formal correspondence
of hydrodynamic (long wavelength) limit and strong coupling limit is again a direct consequence of the fact that GJ
for the Boltzmann equation only depends on τD through combinations such as τDω, τDk.
C. Momentum Transport
Let us now calculate the thermal correlator for the energy-momentum tensor in the background of an arbitrary
(but small) metric perturbation δgab. The metric perturbation will source perturbations in the temperature and fluid
velocity so that T (t,x) = T0+δT (t,x), and u
a(t,x) = (1, 0, 0, 0)+δua(t,x), while not coupling to the particle number
so µ(t,x) = 0. Solving Eq. (2) to leading order for a small perturbation implies f0 = feq,0 = exp
[
− p0T0
]
and hence δf
has to fulfill the equation
[∂t + v · ∇] δf(t,x,p)− Γαβγ
pβpγ
p0
∇(p)α f0 = −
1
τR
(δf − δfeq) . (23)
Fluctuations in the equilibrium distribution function can be expanded to yield
δfeq(t,x,p) = f0(p)
p0
T0
(
v · δu(t,x) + δT (t,x)
T0
)
, (24)
where it should be noted that the δg00 contribution to u0 = −1 + δg002 has canceled against the on-shell condition
p0 = |p|
(
1 + δg002
)
. The fluctuating distribution function gives rise to a fluctuating energy momentum tensor δT µν
which from Eq. (1) is given in Fourier space as[29]
δT µν(ω,k) =
∫
dp
2π2T0
p4f0(p)
∫
dΩ
4π
vµvν
v · δu+ δTT0 − τRΓ0αβvαvβ
1 + τR (−iω + ik · v) , (25)
7where vα ≡ (1,v). For massless particles, it is easy to recognize ∫ dp2π2T0 p4f0(p) = 3(ǫ0+P0). One finds that Eq. (25)
leads to a set of self-consistency equations for temperature and velocity perturbations, defined through δǫ ≡ δT 00 and
δui ≡ 1(ǫ0+P0)δT 0i. These can be solved in a straightforward manner when restricting to metric perturbations of the
type δgab(t, x3). One then obtains the retarded correlators in the spin 2 (metric perturbations δg12), spin 1 (shear,
δg01, δg02, δg13, δg23) and spin 0 (sound, δg00, δg03, δg11, δg22, δg33) channels, respectively. One finds
G12,12T (ω, k) =
3iωτR(ǫ0 + P0)
16
[
10
3
1− iτRω
k2τ2R
+
2(1− iτRω)3
k4τ4R
+ i
(
(1 − iτRω)2 + k2τ2R
)2
k5τ5R
L
]
,
G01,01T (ω, k) = −(ǫ0 + P0)
2kτR
(
2k2τ2R + 3(1− iτRω)2
)
+ 3i(1− iτRω)
(
k2τ2R + (1− iτRω)2
)
L
2kτR(3 + 2k2τ2R − 3iτRω) + 3i (k2τ2R + (1− iτRω)2)L
,
G13,13T (ω, k) =
ω2
k2
G01,01T (ω, k) ,
G00,00T (ω, k) = −3(ǫ0 + P0)
[
1 + k2τR
2kτR + i(1− iτRω)L
2kτR(k2τR + 3iω) + i (k2τR + 3ω(i+ τRω))L
]
,
G03,00T (ω, k) = −3(ǫ0 + P0)
ω
k
[
k2τR
2kτR + i(1− iτRω)L
2kτR(k2τR + 3iω) + i (k2τR + 3ω(i+ τRω))L
]
,
G03,03T (ω, k) = −3(ǫ0 + P0)
[
1
3
+ ω2τR
2kτR + i(1− iτRω)L
2kτR(k2τR + 3iω) + i (k2τR + 3ω(i+ τRω))L
]
.
(26)
where the shorthand notation
L = ln
(
ω − k + iτR
ω + k + iτR
)
,
was used. As was the case for the correlators in the R-charge diffusion channel, one can verify that the above
correlators fulfill the Ward identities resulting from ∂µT
µν = 0, e.g.
ωG00,00T (ω, k) = kG
03,00
T (ω, k) , ω
2G00,00T (ω, k) = k
2G03,03T (ω, k) ,
up to contact terms.
1. Hydrodynamic Limit
For second-order hydrodynamics [12, 30, 31], one can calculate the momentum-transport correlation functions in a
manner similar to that above. Neglecting contact terms, one finds for instance [23]
G00,00T,hydro(ω, k) =
k2
[
(ǫ0 + P0)− k2 2κ3(1−iτpiω)
]
ω2 − c2sk2 + iωk2γs(ω)
, (27)
G01,01T,hydro(ω, k) =
k2
(
η − iω κ2
)
iω(1− iτπω)− γηk2
G12,12T,hydro(ω, k) = −
iηω + κ2 (k
2 + ω2)
1− iτπω ,
γs(ω) =
4η
3(ǫ0 + P0)(1− iτπω) ,
where γη ≡ ηǫ0+P0 and cs =
√
dǫ0
dP0
is the local speed of sound. Furthermore, η is the shear viscosity coefficient
and τπ is the hydrodynamic shear relaxation times that control the time-scales on which dissipative stresses relax to
usual Navier-Stokes hydrodynamics (not to equilibrium). κ is a second-order transport coefficients which can to be
obtained for theories such as QCD and N = 4 SYM, cf. Ref. [12, 32, 33]. Eqns. (27) generalize the well-known results
in Navier-Stokes hydrodynamics [14] to second-order conformal hydrodynamics where all dynamics is described by
a causal process (cf. Refs. [25, 26]). Re-expanding Eqns. (27) in powers of ω, k one recovers the results found in
Ref. [13].
8Momentum transport correlators must match to the universal hydrodynamic forms (27) in the limit of small wave-
number and small frequency, leading to Kubo relations such as [12]
G12,12T (ω, k) = −iηω + ω2
(
ητπ − κ
2
)
− κ
2
k2 +O(ω3, k3) , (28)
Applying the Kubo formula (28) to the momentum transport correlators G12,12T from the Boltzmann equation (26),
one finds
η
s
=
τRT
5
, τπ = τR , κ = 0 . (29)
Thus, as was the case for the R-charge diffusion discussed above, τR takes on a double role as controlling both the
hydrodynamic viscosity and relaxation time coefficients. As before, one may be tempted to recast (26) in forms similar
to Eq. (27) in the hydrodynamic limit. For the sound channel correlators, dropping contact terms, an expansion for
ω ∝ k ≪ 1 for the inverse of G00,00T leads to
G00,00T (ω, k) ≃ (ǫ0 + P0)
k2[
ω2 − k2 ( 13 − 4iτRω15 (1 + iτRω))+O(ω5, ω4k, . . .)] , (30)
which — to the order of the expansion — matches the hydrodynamic result (27) with γs(ω) =
4τR
15(1−iτRω)
. One finds
that Eq. (30) has two poles, which in the small k limit are located at
ω
(0)
± = ±csk −
2iτRk
2
15
. (31)
These poles can be recognized as the usual hydrodynamic poles.
For the shear channel, a similar expansion with k ≪ 1 for the inverse of G01,01T leads to
G01,01T (ω, k) ≃ (ǫ0 + P0)
k2τR(1− iτRω)
5iω(1− iτRω)2 − k2τR
(
1− 157 iτRω
)
+O(k4) , (32)
which matches the hydrodynamic result (27) with γη =
η
ǫ0+P0
= τR5 . One finds that Eq. (32) implies three poles which
in the small k limit are located at
ω
(1)
0 = −
iτRk
2
5
, ω
(1)
1,2 = −
i
τR
± τRk
√
8
35
. (33)
Again, ω
(1)
0 can be recognized to be the usual hydrodynamic diffusion pole, and ω
(1)
1,2 correspond to two non-
hydrodynamic poles.
Finally, an expansion k≪ 1 for the inverse of G12,12T leads to
G12,12T (ω, k) = 3(ǫ0 + P0)
τRω(1− iτRω)
15
(
i(1− τRω)2 + ik
2τ2
R
7
)
+O(k4)
, (34)
which has two non-hydrodynamic poles which in the small k limit are located at
ω
(2)
1,2 = −
i
τR
± k
√
1
7
.
There are no hydrodynamic poles in the spin 2 channel, matching previous results.
2. Weak Coupling Limit
In the weak coupling limit τRT ≫ 1 with ωT , kT fixed one obtains
G00,00T (ω, k)→ −6(ǫ0 + P0)
[
1 +
ω
4k
ln
(
ω − k
ω + k
)]
+O(τR) ,
G01,01T (ω, k)→
(ǫ0 + P0)
4k3
[
−4k3 + 6kω2 + 3ω(ω2 − k2) ln
(
ω − k
ω + k
)]
+O(τR) , (35)
G12,12T (ω, k)→
(ǫ0 + P0)
16k5
[
10k3ω − 6kω3 − 3(k2 − ω2)2 ln
(
ω − k
ω + k
)]
+O(τR) ,
exhibiting again the now familiar branch-cut analytic structure for the correlators at weak coupling.
93. Strong Coupling Limit
Using again a Pade´ approximant (21) to recover the strong coupling limit of the momentum-transport correlators,
dropping contact terms, one finds
G00,00T (ω, k)→ (ǫ0 + P0)
k2(1− iτRω)
ω2(1− iτRω)− k23 (1− 95 iτRω)
,
G01,01T (ω, k)→ (ǫ0 + P0)
k2τR(1− iτRω)
5iω(1− iτRω)2 − k2τR
(
1− 157 iτRω
) , (36)
G12,12T (ω, k)→ 3(ǫ0 + P0)
τRω(1− iτRω)
15
(
i(1− τRω)2 + ik
2τ2
R
7
) ,
matching hydrodynamic results (upon re-expanding ω ∝ k ≪ 1 for the sound channel). Thus, in the strong coupling
limit, the momentum-transport correlators only possess poles, but no branch cuts.
III. BRANCH CUTS, POLES AND HYDRODYNAMIC ONSET TRANSITIONS
In the previous section, I have derived results for thermal correlators for R-charge diffusion and momentum transport
from kinetic theory. The results found for these correlators all possess the following analytic structure for non-zero
wave-number k:
• At weak coupling, correlators exhibit a logarithmic branch cut originating from the singularities located at
ω = −k and ω = k. This is consistent with weak coupling quantum field theory results [34] and plasma physics
where this branch cut is responsible for Landau-damping.
• Pushing the results to the strong coupling regime through taking the naive limit τT → 0, correlators exhibit
only poles. Some of these poles correspond to the familiar hydrodynamic poles, but in general there are other,
non-hydrodynamic poles present that are reminiscent of (but not equivalent to) quasi-normal modes in black
holes (cf. Ref. [27]).
• The strong coupling expansion of the kinetic theory result exactly matches the result expected from hydrody-
namics for the correlators. This is a generalization of the well-known fact that the dynamics of the one-point
function in kinetic theory turns into hydrodynamics in the strong coupling limit (cf. Ref. [20]).
Correlators obtained in kinetic theory seem to exhibit the same qualitative changes in analytic structure observed
in exact quantum-field theory calculations in N = 4 SYM: branch cuts at weak coupling to poles at strong coupling.
For this reason, it is interesting to study the changes in the analytic structure of thermal correlators obtained in
kinetic theory, even if the quantitative applicability of kinetic theory remains firmly limited to the weak-coupling
region. Because the results for R-charge correlators and momentum-transport correlators were qualitatively similar,
I restrict myself to mostly discussing on the R-charge correlation function for simplicity.
A. R-charge diffusion
Considering the result for the R-charge correlator G0,0J (ω, k) in Eq. (14) at non-vanishing wave-number k, one
finds that it has a logarithmic branch-cut in the lower-half complex ω plane, which can be taken to lie in between
ω = − iτD − k and ω = − iτD + k. In addition to this branch-cut, G
0,0
J (ω, k) for kτD <
π
2 also possesses a pole in the
lower-half complex plane located at
ω(k) = − i
τD
+
ik
tan(kτD)
. (37)
The analytic structure of G0,0J (ω, k) is sketched in Fig. 1. In the weak coupling limit τD → ∞ the pole in G0,0J (ω, k)
ceases to exist as it merges with the cut at τD =
π
2k . The branch cut moves closer to the real axis and becomes the
branch cut familiar from Landau-damping, stretching from ω = −k to ω = k (see Fig. 1)
In the naive strong coupling limit τDT → 0, the pole in G0,0J (ω, k) is located at ω(D)0 = − iτDk
2
3 and thus becomes
recognizable as the hydrodynamic pole in Eq. (19). This suggests that the pole (37) of G0,0J (ω, k) is the hydrodynamic
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FIG. 1. Analytic structure of the R-current correlator at weak coupling (upper left), intermediate coupling (upper right and
lower left) and in the strong-coupling expansion (lower right). Note that the hydrodynamic pole ceases to exist at weak coupling.
See text for details.
pole, and it exists also at intermediate coupling and wavenumber as long as kτD <
π
2 . As a consequence, one can use
this existence criterion as a new measure of whether a weak-coupling system behaves according to hydrodynamics at
a given wave-number k. Furthermore, the presence or absence of the hydrodynamic pole at fixed k could be used to
define two different phases: an ’H phase’ (’H’ for hydrodynamic) for which the hydrodynamic pole is present, and
a ’G phase’ (’G’ for gas) for which the hydrodynamic pole is absent. These two phases can be characterized by the
qualitatively different real-time response δn(t, k) at fixed wave-number k, where
δn(t, k) ∝
∫
dω G0,0J (ω, k)e
−iωt . (38)
Representative plots of the real-time response in the H phase (kτD <
π
2 ) and the G phase (kτD >
π
2 ) are shown
in Fig. 2. As can be seen from these plots, there is a qualitative difference between the real time evolution of the
density at fixed k in the H and G phases, respectively. Note that, despite this qualitative change between the H and
G phase, respectively, the behavior of the diffusion transport coefficient from the Kubo formula (17) is insensitive
to this transition because correlation functions are evaluated in the limit of vanishing wave-number, for which the
hydrodynamic pole is present at any value of the coupling. Also, the above transition between the H and G phase is
a type of ’onset’ transition. Somewhat more surprising is that the presence of the onset transition is extremely hard
to recognize from studying the shape of the spectral function ImG0,0J (ω, k) in Fourier space.
Considering now the non-hydrodynamic signatures one realizes from the strong-coupling result Eq. (22) that the
branch cut does not survive the strong coupling limiting procedure. Instead, Eq. (22) contains (besides the hydrody-
namic pole) a number of non-hydrodynamic poles depending on the order m of the approximating function Rm(ω,k).
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FIG. 2. Real time evolution of charge at fixed k in the H phase (kτD = 1, left) and the G phase (kτD = 2, left). In both panels,
the standard diffusion time evolution δn(t, k) ∝ e−tτDk
2/3 is shown. In the left panel, the actual evolution expected from the
hydrodynamic pole (37) is shown, while this pole is absent in the G phase. Note the qualitative difference of the time evolution
of δn(t, k) when crossing the onset transition boundary located at kτD =
pi
2
.
As the approximation order m is increased, the number of non-hydrodynamic poles increase as well, and they cluster
along a line in the complex ω plane from ω− =
i
τD
− k to ω+ = − iτD + k. Specifically, one finds for small k:
m = 1 : ω1 = − i
τD
,
m = 2 : ω1,2 ≃ − i
τD
± 0.516398k ,
m = 3 : ω1,2 ≃ − i
τD
± 0.723747k , ω3 = − i
τD
,
m = 4 : ω1,2 ≃ − i
τD
± 0.82333k , ω3,4 ≃ − i
τD
± 0.31608k , (39)
. . .
m = 10 : ω1,2 ≃ − i
τD
± 0.964872k , ω3,4 ≃ − i
τD
± 0.848484k ,
ω5,6 ≃ − i
τD
± 0.661558k , ω7,8 ≃ − i
τD
± 0.420034k , ω9,10 ≃ − i
τD
± 0.143954k ,
Not surprisingly, the clustering of these poles corresponds to the branch cut of the original function in Eq. (14).
Thus, one recovers the well-known result that a branch cut can be well approximated by a series of poles (see Fig. 1).
The R-current correlator of N = 4 SYM can be calculated at strong coupling using gauge/gravity calculation
[8]. One does not observe a series of poles clustered along a line parallel to the real ω axis, but rather a series of
pairs of poles located increasingly farther away from the real axis, of the form ωn,± ∝ −2πT (i± 1)n. The poles for
n = 2, 3, . . . can be understood to correspond to higher resonances in the quantum field theory. Specifically, these
higher resonances have been shown to exist in previous calculations in quantum field theory (see e.g. Ref. [17]).
On the other hand, kinetic theory does not include these higher resonances, because of the approximations made in
deriving the kinetic equations from quantum field theory [28]. Thus, it is clear why there are no poles/cuts located
at e.g. ω ∝ −in/τD for n = 2, 3, . . . found in Eq. (14).
However, for n = 1, at leading order in the strong coupling calculation of N = 4 SYM only two poles are found
for k 6= 0. In the corresponding ’strong coupling limit’ of the kinetic theory result (39), only one pole is found at
leading order (m = 1). It is not clear to me what is causing this qualitative discrepancy between kinetic theory
and gauge/gravity duality calculations. It is possible that the discrepancy arises from the fact that the naive strong
coupling limit τT → 0 does not coincide with the actual strong coupling limit performed in quantum field theory, or
because of the first-order gradient expansion in the Wigner-transform used to derive the kinetic theory from quantum
field theory [28]. However, it is remarkable that when setting τD = τ∆ and using τ∆ =
ln 2
2πT from gauge/gravity duality
[23] one finds that (39) for n = 1 is located in the vicinity of ω1,± = −2πT (i± 1) in strongly coupled N = 4 SYM.
Beyond leading order in the strong coupling expansion, the kinetic theory result for m = 2 contains two non-
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hydrodynamic poles for k 6= 0, while the gauge-gravity calculation still contains the original two poles [35]. A possible
reason for this difference could be that the gauge-gravity calculation is accurate up to λ−3/2 corrections, while the
kinetic theory result predicts the additional pole to appear when corrections of order O (τD) ≃ O
(
λ−2
)
are included.
While there is no fundamental reason that the power counting from kinetic theory should be accurate in the strong
coupling regime, it is nevertheless conceivable that a gauge-gravity calculation for the R-current correlator accurate
to order λ−3 would find additional poles reminiscent of the structure in Eq. (39). Such a finding would indeed help
explain how branch cuts at weak coupling turn into poles at strong coupling in thermal correlators of large N gauge
theories. Alternatively, it is possible that in N = 4 SYM quantum field theory there is a type of onset transition at a
fixed value of kτD where the branch cut actually dissolves into a series of poles, similar to the H-G transition found
for the hydrodynamic pole above, and that the kinetic theory model is too simplistic to capture this phenomenon for
the non-hydrodynamic modes. Future studies are needed to tell which scenario is realized.
B. Momentum Transport
Most features for momentum transport mirror those found for the R-charge diffusion correlator. The presence of
the hydrodynamic poles, however, is somewhat different. One finds that for the spin 2 excitations G12,12T (ω, k), there
simply is no pole in the correlator (26), matching previous results finding no hydrodynamic pole in this channel. For
spin 1 excitations G01,01T (ω, k) there is a pole located at ω
(1)
0 (k) =
i(−1+y(k))
τR
with y(k) a solution to the equation
2kτRy
y2 − k2τ2R
= tan
4(kτR)
3 + 6kτRy
3(k2τ2R + y
2)
, (40)
subject to the existence condition kτR <
3π
4 . It is easy to verify that for kτR ≪ 1, this pole becomes the hydrodynamic
pole ω
(1)
0 = − iτRk
2
5 discussed in Eq. (33). Hence it is natural to expect a H-G onset transition for the shear channel
to occur at kτR =
3π
4 .
For the sound (spin 0) channel correlator G00,00T (ω, k) there are two poles located at ω
(0)
± (k) =
i(−1+y(k))±x(k)
τR
with
x(k), y(k) real. For small kτR, ω± once again become the usual hydrodynamic poles ω
(0)
± from Eq. (31). The poles
exist for kτR < 4.5313912 . . ., where the critical value for kτR is a numerical solution to the equation
0 = 12(kτR) + 4(kτR)
3 − 2(kτR)2π − 6πx2 + 6x ln
[
kτR − x
kτR + x
]
, (41)
x =
√
−3π − 2(kτR)2π + 2k3τ3R +
√
4(kτR)6 + 12(kτR)3π + 9π2 + 12(kτR)2π2
6π
.
Note that the boundary between H and G phase for the spin 2 (sound) channel is at a different location than for the
spin 1 (shear) channel.
IV. SUMMARY AND CONCLUSIONS
In the present work, real time correlators for the R-charge diffusion and momentum transport have been calcu-
lated within the framework of the Boltzmann equation in the relaxation-time approximation. The results should be
applicable for weakly coupled large N gauge theories, but have several features that could make them useful as a
model for strongly coupled gauge theories. For instance, a naive strong coupling limit, performed through sending
the relaxation time to zero, gives rise to the known hydrodynamic results for the correlation functions. This is a
generalization of the well-known fact that kinetic theory gives rise to the equations of classical hydrodynamics for the
one-point function. In the naive strong coupling limit, the ubiquitous logarithmic branch cut found in the correlators
dissolves into a series of poles, which are qualitatively similar to the non-hydrodynamic quasi-normal modes found
in black holes. The naive strong coupling limit of kinetic theory also would predict that new poles appear to fill the
cut order by order in powers of λ−2 in the t’Hooft coupling λ, rather than the typical expansion parameter λ−3/2
encountered in gauge/gravity duality.
As the coupling λ is decreased from infinity (or equivalently if the wave-number k of a perturbation is increased), the
results found in this work predict a vanishing of the hydrodynamic pole(s), such that for very weak coupling only the
logarithmic branch cut remains. This transition can be clearly observed through the qualitatively different real-time
behavior of perturbations, and for this reason was called a ’onset transition’. It is conceivable that the concept of
13
onset transitions could be useful to classify the transport properties in real materials. It should be possible to verify
the existence of onset transitions by calculating the scanning the corresponding correlation functions in perturbative
quantum field theory for arbitrary wave-number k. This is left for future work.
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